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a b s t r a c t
Various mathematical models for the air to fuel ratio and control for spark ignition (SI)
engines have been proposed to satisfy technical specifications. This paper reveals an
improvement of the mean value model (MVEM) and a simple yet effective nonlinear
control to enhance the air to fuel regulator. The regulator is designed by using a discrete
fuzzy PI algorithm, which provides easy tuning, robustness, and rapid development with a
simple architecture. Effects on the dead time, exhausted delay, time-varying air flow and
chaotic disturbance are also included. The computer simulation results show satisfactory
performance based on standard evaluation criteria. The proposed model has a great
potential for practical implementations.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Design of an internal combustion engine in vehicles has mainly focused on both the thermal efficiency and catalytic
efficiency. A high thermal efficiency yields a low fuel consumption,whereas a high catalytic efficiency provides a lowexhaust
emission [1–4]. Both of the efficiencies are strongly dependent on the air to fuel ratio (AFR) in cylinder combustion. The AFR
needs to be stoichiometry (14.7/1) for gasoline SI engines.
The SI-engine model is a large dynamic system. It includes the relationships among the air flow, fuel flow, combustion
chamber, exhaust emission and crankshaft. According to the four-stroke spark ignition cycle theory of Otto [1–3], the
delay time of exhaust emission is dynamic and dependent on the engine speed. Therefore, the combustion chamber can
be modeled as the first order pulse dynamic dead time (FOPDDT) system. In this work, a widely used mean value engine
model (MVEM) proposed in [1,4–9] is adopted and extended by adding time-varying air flow passing through the throttle
valve, which is previously treated as a fixed value. This makes the model more realistic because the throttle valve is opened
directly in relation to the position of the accelerator pedal.
Several AFR feedback algorithms have been proposed for controlling AFR. Gaeta et al. [8] has recently proposed a control
strategy incorporating a feedforward controller, inner feedback PI model-based controller, and Smith predictor. Choi and
Hedrick [10] developed an observer-based fuel injection control algorithm using sliding mode strategy. Wang and Yu [11]
improvedChoi andHedrick’s algorithmby introducing the second-order slidingmode controlwith anRBFneural network for
gain adjustment. However, these strategies might cause a chattering problem. For improvement, Wang et al. [12] proposed
an adaptive neural network strategy,which employed a radial basis function (RBF) network type, togetherwith the recursive
k-means and recursive least-squares algorithms for training the network. Wang and Yu [13] also proposed a parameter
estimation for dynamic sliding mode control (DSMC) by using an adaptive radial basis function network strategy. However,
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Fig. 1. The internal combustion system.
these neural network algorithms are too complicated to embed into a microcontroller and the physical meaning of each
parameter might not be clear enough.
However, existing literature [1–14] have not been investigated on controlling AFR with a simple fuzzy PI structure well-
designed in [15]. A fuzzy PI controller proposed in Ref. [15] has been thoroughly proved and well-understood many years
ago due to its simple structure, easy tuning, excellent tracking performance, and high robustness. The demand of designing
AFR regulators is satisfied in this article. Together with an enhanced mathematical model for realistic air-flow through a
throttle valve and chaotic disturbance during operation, all three contributions add a significant rationale to the research for
improvingmodeling and control of AFR in SI engines. Thismanuscript is organized as follows: Section 2 introduces the engine
model. The proposed control strategy will be presented in Section 3. Section 4 presents the simulation for performance
evaluation and robustness tests with standard criteria.
2. Engine model
The MVEM is a mathematical engine model consisting of various components shown in Fig. 1. The main components
include a throttle, intake pipe, injector, combustion chamber, crankshaft and exhaust oxygen sensor. The details for each
subsystem are described in the following subsections.
2.1. Air flow
In gasoline engines, air is an essential compound for the internal combustion process. The air flow system directly
influences the engine performance, i.e., the power, torque, speed and low emission, as detailed below. For the sake of
convenience, the mathematical notation appeared in the equations used throughout this paper is listed in the Appendix.
2.1.1. Area of throttle
A throttle plate is an air-flowing valve separating a filter side and an intake side. The throttle provides a flow area for an
amount of air into the intake manifold. The flow area can be adjusted by a throttle angle and can be expressed by [1]
Ath(α) = πD
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2.1.2. Mass of air after the throttle
After the throttle plate opens, the air in front of the throttle can pass into an intake manifold. To calculate the volume of
the passing air, a differential equation has been used [1,6]. The airmass flow rate can be described by the relationship among
the area of the throttle, discharge coefficient, pressure in the front of the throttle, intake manifold pressure, temperature in
front of the throttle, gas constant, and specific heat ratio, as
m˙ath = CdAthp0√
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According to the experiment in [5], we use a linear regression method to establish a formula for the dynamic discharge
coefficient. The formula is described by the third-order polynomial as
Cd(P0, Pi) = −1.47

Pi
P0
3
+ 1.06

Pi
P0
2
− 0.21

Pi
P0

+ 1.01. (3)
Note that extant literature do not clearly describe the dynamic behaviors of the air passing through the throttle. This
discharge coefficient is now explicitly described in our work as shown in Eq. (3).
2.1.3. Volumetric efficiency
The volumetric efficiency is a necessary parameter used in a four-stroke engine [1,2]. It is a ratio between the actual mass
of the air flowing into the cylinder and the mass of the air given on theoretical volume. Ideally, the volumetric efficiency is
defined as a function of the following variables: the mass of air, pressure in front of the throttle, intake manifold pressure,
exhaust pressure, temperature at front of the throttle, intake manifold temperature, specific heat ratio, cylinder ratio, and
fuel to air ratio [16]
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2.1.4. Intake manifold density
The intakemanifold density, ρai, is one important parameter greatly influencing themass of air passing into the cylinder.
The density can be expressed by
ρai = piRTi (5)
where
p˙i = RTiVm m˙ath −
ηvNVdpi
120Vm
. (6)
From Eqs. (2), (4) and (6), for the air flow system, an actual amount of air passing into the cylinder can be calculated by
m˙ac = ηvNVdρai2(60) . (7)
2.2. Fuel flow
A fuel injector is an electromechanical device electrically controlled to activate a solenoid valve. An amount of fuel
injected into the intake manifold can be expressed by
mfi = K

tinj − t0

. (8)
In Eq. (8), the injected time

tinj

is dynamic because it is commanded by the electronic control unit (ECU). The response time
of the solenoid (t0) represents a mechanical delay and is a small constant about 0.41 ms [17]. After the fuel is injected, the
fueling dynamic process begins [6,9,17]. The simplest fuel-film-flowmodel of the MVEM depicted in Fig. 2 can be described
by
m¨ff = 1
τf
−m˙ff + Xm˙fi (9)
m˙f v = (1− X) m˙fi (9a)
m˙f = m˙f v + m˙ff (9b)
where τf is the time constant of fuel evaporation. The term X is a fraction of the injected fuel, which is deposited on both
the intake manifold wall and the inlet valve.
After the inlet valve is closed, the actual air to fuel ratio inside the cylinder can be calculated by using
A/F = m˙ac
m˙fc
, (10)
and the lambda input can be calculated simultaneously by using
λi = A/F
(A/F)s
. (11)
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Fig. 2. Fuel film illustration.
The relationship between the actual and measured lambdas is provided by the following transfer function [16]
λm = λie
−τds
τss+ 1 . (12)
Note that s is the complex variable written in frequency domain fashion, τs is the time constant of the oxygen sensor, and
τd is the transport delay between the injector and the exhaust gas oxygen sensor. Hence, the transfer function is specific to
the first-order pulse dynamic dead time (FOPDDT) system [7,17,18].
2.3. Crankshaft
Since the output of the system is the engine speed, we first need to calculate the crankshaft velocity. To start with,
the work of the crankshaft system depends on the relationship between the pressure and torque [1–5,14]. The crankshaft
velocity can be calculated by an integral of the resulting torque divided by the engine inertia [19], and can be expressed by
ϖ˙ = 1
Jeng

Tc − Tf − Tp − Tl

(13)
where ϖ˙ is the engine speed, Tc is the combustion torque after sparks, Tf is the friction torque while the piston moves up
and down, Tp is the pumping torque, Tl is the load torque and Jeng is the engine inertia. In otherwords, the crankshaft velocity
can be explained by using the pressure term or the mean effective pressure term as
ϖ˙ = 1
Jeng

Vd (imep− tfmep)
4π
− Tl

(14)
where imep is the net indicated mean effective pressure for a four-stroke engine without a supercharger, and it is a result
of subtraction between the gross indicate mean effective pressure (gmep) and pumping indicate mean effective pressure
(pmep). We now have
imep = gmep− pmep (15)
and the imep can then be computed by
imep = 120ηf m˙fQHV min (λ, 1)
VdN
(16)
where ηf is the fuel conversion efficiency, QHV is the fuel low heat value and m˙f is the fuel mass flow rate. The first and
second parameters are strongly related to a fuel type. tfmap is the friction mean effective pressure and it is also a result
of summation between the mechanical friction mean effective pressure (mfmep) and accessory mean effective pressure
(afmep). Here tfmap is defined as
tfmep = mfmep+ amep. (17)
The variables and effects used for calculation of tfmep are as follows. The mechanical friction mean effective pressure is
related to the journal-bearing friction, piston and rings friction, and valve train friction. The journal-bearing friction is highly
dependent on the viscosity and cleanness of engine oil. The piston and rings friction is caused by scratch between the piston
skirt and the ring pack with the cylinder bore. The valve train friction arises from three parts: the overhead camshaft, the
pivot rockers and the valve components. The accessory mean effective pressure involves oil pump, water pump and non-
charging alternator friction. Combining all these effects, the friction-mean effective pressure can be written as a function of
the engine speed as
tfmep = 0.97+ 0.15

N
1000

+ 0.05

N
1000
2
. (18)
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Fig. 3. The discrete PI control system.
Finally, we compute both the air mass flow rate and the fuel flow rate. Hence, the formula for the engine speed can be
written as
N =

60
 t
0
ϖ˙dt

/2π. (19)
These equations mentioned in this section will be used as the plant model for computer simulation in Section 4.
3. Fuzzy-PI controller
The fuzzy PI controller has been proved to have superior performance over the classical PID one [15]. Although the well-
designed and thoroughly analyzed fuzzy PI control in [15] has been successfully implemented in many applications, it has
not been investigated in AFR control for SI engines. This section introduces a brief review of the fuzzy PI control. The readers
are referred to [15] for the detailed derivation and stability analysis. To beginwith, let us consider a control action of a typical
PID controller described in the frequency domain by
UPID(s) = K

1+ 1
sti
+ std

E(s) (20)
where K is the controller gain, ti is the integral time, td is the derivative time and E(s) is the error signal. For PI control, we
set td = 0. To transform the analog PI controller to a discrete version, we have employed a bilinear approximation method
as
s = 2
T

1− z−1
1+ z−1 (21)
and get
UPI(z) = K

1+ 1
ti

T
2

1+ z−1
1− z−1

E(z) (22)
with simple algebra and inverse z-transform, we arrive at the incremental control
1UPI(kT ) = Kp {e(kT )− e (kT − T )} + Ki {e(kT )+ e (kT − T )} (23)
where Kp is the proportional gain and Ki = KT/2ti is the integral gain. The system represented by Eq. (23) can be illustrated
in Fig. 3.
Designing a simple fuzzy PI controller, we simply add a fuzzy decision block with fuzzy gains into the conventional
system in Fig. 3, and get the fuzzy version in Fig. 4. The fuzzy-PI controller is derived by using an error and a rate of error
for fuzzification, together with the four rule bases andmin–maxMamdani’s method for fuzzy inference and a center of area
calculation for defuzzification.
The input and output membership functions are shown in Figs. 5 and 6, respectively. Combination of the two input
membership functions forms the 2-D error phase plane that is illustrated in Fig. 7.
Mathematically, Fig. 5 can be directly read out as
ep · Positive = Kpep(kt)+ L2L , ep · Negative =
−Kpep(kt)+ L
2L
(24)
ev · Positive = Kdev(kt)+ L2L , ev · Positive =
−Kdev(kt)+ L
2L
. (25)
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Fig. 4. The fuzzy-PI control system.
Fig. 5. The input membership function.
Fig. 6. The output membership function.
Fig. 7. Input combination of possible cases on the error phase plane.
Similarly, Fig. 6 states that theµo (zi), which is the value of the output membership function, has three types of solution:
Positive = L, Zero = 0,Negative = −L. For interference, the inner fuzzy outputs are produced by both the fuzzy rule base
and fuzzy logic operator
max

min

µ (ev) , µ

ep

(26)
whereµ (ev) andµ

ep

are the output of the inputmembership functions. Four rule bases for natural tracking are employed:
• R1: If ep is Positive and ev is Positive Then Output is Positive
• R2: If ep is Positive and ev is Negative Then Output is Zero
• R3: If ep is Negative and ev is Positive Then Output is Zero
• R4: If ep is Negative and ev is Negative Then Output is Negative.
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Fig. 8. Block diagram of the SI engine with AFR control.
For defuzzification, the center of area can be expressed by
Center of Area =
n
i=1
ui · µi
n
i=1
µi
. (27)
Using (24)–(27), an incremental control decision, corresponding to a possible combination of input as shown in Fig. 7, is
summarized as follows:
1upi(kt) = L

Kiep(kt)+ Kpev(kt)

2

2L− Kp |ev(kt)|
 Area 1 (28)
1upi(kt) = L

Kiep(kt)+ Kpev(kt)

2

2L− Ki
ep(kt) Area 2 (29)
1upi(kt) = 0.5

Kpev(kt)+ L

Area 3 (30)
1upi(kt) = 0.5

Kpev(kt)− L

Area 4 (31)
1upi(kt) = 0.5

Kiep(kt)+ L

Area 5 (32)
1upi(kt) = 0.5

Kiep(kt)− L

Area 6 (33)
1upi(kt) = −L Area 7 (34)
1upi(kt) = 0 Area 8, 9 (35)
1upi(kt) = L Area 10. (36)
We have briefly reviewed the fundamental of the discrete fuzzy-PI control systems shown in Fig. 4. To design a fuzzy PI
control system by using this approach, we simply need to adjust four parameters: the error gain Ki, rate of error gain Kp,
output gain Ku and input membership length L. We will apply the fuzzy controller presented in this section to the plant
obtained in Section 2. The results will be presented in the next section.
4. Computer simulation and results
Theworkflowof the SI enginewith anAFR (A/F ratio) controller is clearly shown in Fig. 8.We consider theworkflowbased
on the feedback control strategy. The figure summarizes the plant described mathematically in Section 2. For simulation,
we have run the SI engine model by using MATLAB/SIMULINK shown in Fig. 9.
The simulation parameters based on a real-world specification are as follows: the cylinder displacement volume of
0.0038 m3 [10] and compression ratio of 10. For an NA engine car [5], the pressure in front of the throttle is 101330 Pa
(1 bar), and the temperature in front of the throttle is 300 K. In the case of gasoline fuel [1–5,14], the ideal gas constant is
287 J/ (kg ∗ K); the specific heat ratio is 1.4; the specific heat value is 44300 J; the fuel conversion efficiency is 0.7. The load
torque is 70 N m [10]. Each engine revolution has both a static time delay and dynamic time delay. For the static delay, the
fuel injector time delay is 0.00041 s and the oxygen sensor time delay is 0.45 s [17]. The dynamic time delay is the cylinder
cycle time delay that can be expressed as [7]
τd = 120N . (37)
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Fig. 9. The system in MATLAB/SIMULINK representation.
Fig. 10. Throttle disturbance.
Fig. 11. Engine speed disturbance.
Fig. 12. The single-step acceleration.
In Fig. 9, the throttle disturbance and the speed disturbance are involved have injected. The disturbance is generated by
a logistic map with a frequency range of 0.8–1.5 kHz. The logistic map function is expressed as
x (k+ 1) = ax(k)(1− x(k)), (38)
where a = 3.8 and x(0) = 0.1. The disturbance patterns are presentedwith realisticmagnitudes shown in Figs. 10–11 to test
the robustness of the designed control system. The simulation results will be presented in the next subsections. Section 4.1
presents control parameters, describes the input step responses and assigns performance indices. The output AFR response,
corresponding control signals, associated dynamic responses, and performance evaluation are presented in Section 4.2.
4.1. Control parameters and the input step response
In this simulation, the sampling time of the controller is 20 ms; the controller gains are: Kp = 7.0, Ki = 1.4, Ku = 0.01
and L = 5.0; with an integral time ti = 50 ms. We have assigned two types of throttle inputs: the single-step and double-
step accelerations, as shown in Figs. 12 and 13, respectively.
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Fig. 13. The double-step acceleration.
Fig. 14. Air to fuel ratio of single and double-step inputs.
Fig. 15. Control signals for injector corresponding to Fig. 14.
For the performance indices, we use 4 criteria: the integral of absolute error (ITAE), integral of square error (ISE), integral
of absolute control output (IACO) [20] and mean absolute error (MAE). These criteria can be expressed mathematically by
ITAE =
 ∞
0
t |e(t)| dt, ISE =
 ∞
0
e(t)2dt, IACO =
 ∞
0
|u(t)| dt, and MAE = 1
n
n
i=1
|ei| (39)
where t is a run time, e(t) is an error at time t and u(t) is a control output at time t .
4.2. Simulation results
To succinct the explanation, we discuss only the single-step throttle input on the left of all the following figures. The
cases corresponding to the double-step input are shown aside, in comparison, on the right of the figures with simply self-
explanation. The single step corresponds to the situation that the driver pushes on the acceleration pedal only one time.
Similarly, the double step corresponds to two times. Fig. 14 shows the regulation of the air to fuel ratio when the throttle
angle is changed. For the single-step input, themagnitude of the air to fuel ratio corresponding to the step up of the throttling
from 20 to 30° is 10% higher than the stoichiometric ratio (14.7/1) and the settling time is only 1.5 s. Conversely, at the step
down of the throttling from 30° to 20°, the ratio is 15% lower than the stoichiometric ratio and the settling time is 2.5 s.
The settling time of the step down is higher than the step up because the engine running at a low speed generates a higher
exhausted delay as evident in Fig. 19. Hence, the feedback signal of the controller would eventually be delayed as shown
in Fig. 15. To demonstrate the effectiveness of the system model, according to the air to fuel ratio, the air mass flow and
fuel mass flow into cylinder shown in Fig. 16 have a correct order of magnitude. In addition, Fig. 17 confirms that not only
the volume metric efficiency does not exceed 1 but also the intake manifold pressure does not exceed 1 bar. The results are
reasonably acceptable.
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Fig. 16. Air mass and fuel mass corresponding to case of Fig. 14.
Fig. 17. Volumetric efficiency and intake pressure corresponding to Fig. 14.
Fig. 18. Indicate torque and friction torque.
Fig. 19. Engine speed with chaotic disturbance.
Table 1
Various performance indices for evaluation of AFR control.
Type of inputs ITAE ISE IACO MAE
Single step 3.6497 0.009639 12.9750 0.2093
Double step 3.5642 0.0226 6.4607 0.3192
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At 20 s, a piston position is downward after the power stroke. The engine generates the power to the transmission
box through the crankshaft. Fig. 18 presents the indicated torque and friction torques on the crankshaft. The engine speed
calculated by using these torques is shown in Fig. 19. For robustness tests, the chaotic signals in Figs. 10 and 11 are injected
to disturb speed tracking of the systems. The results are shown in Fig. 19 and the performance evaluation for AFR control
is shown in Table 1. Satisfactory results are achieved for both the single and double step inputs. Undoubtedly, the ITAE and
IACO of the double-step are less than those of the double one. This is because two short pulses have an overall shorter time
duration and is acquired less control inputs than those of the single one. In contrast, the ISE and MAE of the single-step are
less than those of the double one due to the shorter delay times, which has only one step-down throttling time as evident
in Fig. 19.
5. Conclusion
We have presented themodel of AFR and the simple nonlinear control for SI engines. Themotivation stems from the lack
of such investigation on the dynamic throttlemotion and the fuzzy PI controlled system, designed in [15] for this application.
The findings show the robustness of the proposed control systemwith an excellent tracking performance. Hence, themodel
is more realistic andmore elaborated than those presented in the earlier publications. In addition, the controlled system has
a very high potential for successful implementation and deployment.
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Appendix
Ath(α) Area of throttle (m2)
D Diameter of throttle (m)
α Angle of throttle plate (Radius)
d Diameter of throttle lot (m)
k d/D
m˙ath Air mass flow rate pass throttle plate (kg/s)
p0 Front of throttle pressure (Pa)
T0 Front of throttle temperature (Kalvin)
Cd Discharge coefficient (0↔ 1)
R Gas constant (287 J/(kg ∗ K))
pi Intake manifold pressure (Pa)
pe Exhaust pressure (Pa)
γ Specific heat ratio
Ma Mass of air (kg)
Ti Intake manifold temperature (Kalvin)
rc Cylinder ratio
ηv Volumetric efficiency
ρai Intake manifold density
Vm Manifold volume (m3)
N Crankshaft speed (rpm)
m˙ac Air mass flow rate in cylinder (kg/s)
m˙fi Injected fuel mass flow rate (kg/s)
m˙ff Fuel film mass flow rate (kg/s)
m˙f v Fuel vapor mass flow rate (kg/s)
m˙fc Fuel mass flow rate in cylinder (kg/s)
tinj Time of fuel injection (s)
t0 Time delay of fuel injector (s)
τs Time delay of oxygen sensor (s)
τd Time delay of cylinder cycle (s)
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